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Abstract: The cosmological equations suggested by the non-relativistic renormal- 
izable gravitational theory proposed by Hofava are considered. It is pointed out that 
the early universe cosmology has features that may give an alternative to inflation 
and the theory may be able to escape singularities. 
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1. Introduction and results 

The UV completion of gravity has been an active arena of research in the past several 
decades. A lot of understanding was gained by studying string theory and its gauge- 
theory incarnations. 

Recently, a different field theory model for a UV complete theory of gravity was 
proposed that is expected to be well defined and complete in the UV |[, that we 
will call Horava-Lifshitz gravity. The theory does not have the full diffeomorphism 
invariance of GR but only a subset (that is a form of local Galilean invariance). This 
is the subset that is manifest in the ADM slicing of standard GR. 

Non-relativistic theories of gravity are motivated by attempts to describe non- 
relativistic field theories via AdS/CFT. In particular, in non-trivial bulk solutions 
were found that described backgrounds with non-relativistic scaling invariance.^ In- 
stead of the AdS geometry exhibiting standard relativistic conformal invariance, a 
new geometry was found exhibiting Lifshitz scale invariance 

t-^tt , x'^ix' (1.1) 
^Further progress along these lines was reported in 
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with z > 1. For z = 1 this is the standard relativistic scale invariance. Such solutions 
were found by modifying the standard UV AdS structure by the condensation of non- 
renormalizable operators. The theory of gravitational fluctuations around such vacua 
is expected to exhibit a similar breaking of relativistic invariance and a modified 
(anisotropic) scaling symmetry. 

Similar non-relativistic gauge theories can be defined 0]. They have distinct 
critical dimensions. They have a large-N limit at which such theories are expected 
to be dual to the solutions found in 0. 

Non-relativistic scaling allows for many non-trivial scaling theories in dimensions 
D > 2. Indeed, when it comes to relativistic theories, two dimensions provides the 
richest class of scale invariant theories. As we go up in dimension, the critical points 
become rare, and above 4 dimensions, no critical theory has a weakly coupled limit. 
This can be changed with anisotropic scaling. For example, theories of scalars in D 
spatial dimensions seem to have the same richness as two dimensional theories (cr- 
models). Lifshitz theories are therefore a new window into non-trivial critical physics 
in D > 2 dimensions. 

It is interesting that this picture allows a theory of gravitation that is scale- 
invariant in the UV, and where standard general relativity with its higher symmetry 
is an emerging theory in the IR. Moreover it seems that diffeomorphism invariance 
seems to be always an IR fixed point. 

The introduction and study of non-relativistic gravitational theories and asso- 
ciated gauge theories was performed in f^-^. In particular, a theory with Lif- 
shitz invariance corresponding to z = 3 was argued to provide a ghost-free UV- 
renormalizable theory of non-relativistic gravity at least around fiat space. This 
theory has two classically marginal couplings and several relevant operators corre- 
sponding to terms quadratic, linear and zeroth-order in the curvature of 3d space. 
The main marginal coupling is controlling the square of the Cotton tensor, while the 
second one. A, is controlling the contribution of trace of the extrinsic curvature of 
space. 

At A = I the theory exhibits an anisotropic Weyl symmetry. On the other hand, 
the value A = 1 is the one that is at play in standard GR. 

The presence of the Cotton tensor adds terms of order 0{k^) in the propagator 
and this improves the UV behavior rendering the theory renormalizable by power 
counting. This is similar to previous attempts to define a renormalizable theory of 
gravity by adding curvature square terms in order to improve the UV behavior [P]. 
The main difference is that previous work added higher time derivatives that resulted 
in a theory containing ghost excitations. Here, however, the time derivatives are kept 
at two at the expense of general coordinate invariance. 

The two main and interesting properties of the theory are: (a) the fact that it 
is UV renormalizable, (b) the effective speed of light diverges in the UV. Further 
properties include a UV spectral dimension that is two |^, as well the appearance of 
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anisotropic Weyl invariance at A = 1/3. 

Such interesting properties of the theory beg for a contact with standard GR, 
that is a well-tested theory in the JR. Indeed, the addition of relevant operators, 
notable that of the Einstein term, as well as possibly a cosmo logical constant, drive 
the theory in the IR to a variant of GR. It becomes exactly GR if A = 1. However, A 
is a dimensionless coupling of the theory and therefore runs (logarithmically in the 
UV). 

It has been argued in that A will eventually reach three possible IR fixed 
points: A = l,A = l/3orA = cxD. Therefore the nature or the IR theory and its 
matching to GR depends crucially on the RG pattern. 

The second issue is related to decoupling. Gravitational theories with partly bro- 
ken diffeomorphism invariance are known to have peculiar patterns of decoupling, 
where intermediate scales appear that are background-dependent |T0[-|13[. For ex- 
ample, in generic massive gravity the strong coupling cutoff can be described either 
in terms of the graviton mass rUg (A ~ (m^Mp)^), or in terms of the strength of the 
background via the Vainshtein formula. Even in GR (and its quantum version as ad- 
vocated in string theory) it was advocated, motivated by the black-hole information 



studies, that decoupling scales are background-dependent [|1J . 

This peculiar pattern of non-decoupling in modified theories of gravity is associ- 
ated with the presence of non-linear instabilities [|15[, as well as with strong-coupling 
of some field theory modes |16|. The two problems were related in specific contexts 



1^. The strong coupling problem renders the associated quantum theory obscure. 
Even in cases where the quantum theory is well defined via a holographic correspon- 
dence, these awkward features of modified gravity theories were shown to persist 

El- 

We now return to the novel properties of the theory and their potential implica- 
tions. The renormalizability of the theory implies that the fundamental theory can 
be specified by a finite number of UV parameters that can be in principle measured 
in the IR. 

The fact that the speed of light is diverging in the UV opens up an interesting 
possibility: that no inflation is needed at early times in the evolution of the universe 
in order to solve the horizon problem. The flatness problem maybe also potentially 
addressed as spatial curvature is enhanced by the higher curvature terms. It is there- 
fore possible that a suppression of spatial curvatures may be in operation at early 
times. Of course, a detailed study of the cosmological perturbations will be needed 
in order to verify that any substitute for inflation is in agreement with observational 
data. Moreover, it is expected that the short distance structure of perturbations will 
be drastically different from standard inflation. At the end of this paper we will do 
a qualitative study of cosmological perturbations and argue that indeed the previous 
expectations can be realized in Hofava-Lifshitz cosmology. 

The UV structure of the theory is also related with the possibility that curvature 
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singularities are absent in the theory. Both cosmological and black-hole singularities 
are included here. Indeed it is not unusual in higher-derivative theories of gravity 
that such singularities are absent |]19|. The important issue is that here, unlike many 
other higher-derivative examples, there is a rational for having a finite number of such 
terms unlike the standard non-renormalizable terms in effective theories of gravity. 

In this paper we couple the Horava-Lifshitz gravity with matter and derive the 
classical equations of motion, allowing a more general class of couplings, not restricted 
by detailed balance. We further make a cosmological ansatz and derive the analogue 
of the Friedmann equation. As expected, most of the non-relativistic structure does 
not enter in this equation. There are, however, contributions from the quadratic 
curvature terms that dominate in the UV (when the universe is small) and provide 
a bounce. This is in qualitative agreement with our expectations above. 

We also describe the qualitative structure of the equations for cosmological per- 
turbations, and conclude that the theory can lead to an alternative of inflation in 
the UV regime. It can solve the horizon and flatness problems, can generate scale- 
invariant superhorizons perturbations and does not need graceful exit nor reheating. 



2. The Horava-Lifshitz gravity theory 

We review here the Horava-Lifshitz gravitational theory as was formulated in [^. 

The dynamical variables are N,Ni,gij, with scaling dimension zero, except Ni 
that has scaling dimension 2. This is similar to the ADM decomposition of the metric 
in standard general relativity, where the metric is written as 

ds"^ = -N^ dt^ + gij{dx' + N'dt){dx^ + Wdt) , A^^ = gijW . (2.1) 

The scaling transformation of the coordinates is now modified to 

t^t t , x' ^^x\ (2.2) 

under which gij and A^ are invariant, while A^* scales as A^* — > i~'^Ni. 
The kinetic terms are given by 



Sk = ^ j dtd\^N{K,,K'^ -\K^) , K = g'^K,, , K'^ = g'^g^'K^i 



[2.3) 



in terms of the extrinsic curvature 



K^J = ^i9^,-^^N,-V,m, (2.4) 

with covariant derivatives defined with respect to the spatial metric gij. 
The potential is given in the "detailed-balance" form 



^y = --^j dtd^x^/gN E'^gij,kiE^^ = j dtd^x^N 



^-,Q,C''+ (2.5) 



2w 
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+- — n — —Rii^jR k 5 — RijR^-' + 



1 - 3A) V 4 



1 -4A 



R^ + AR-SA"^ 



where the supermetric Q^^''''- depends on an a priori arbitrary parameter A 



^ "'' Qkl\mn „ m'^"'n ~l~ ^ n^^ ra) •} 



(2.6) 
(2.7) 



and the E tensors are given by 



:2.8) 



where 



= -^Vk R'l - -R6'i 



(2.9) 



is the Cotton tensor (conserved and traceless, vanishing for conformally flat metrics). 
E^^ can be derived from an action as 



y/gSgi. 



(2.10) 



with 



a;3(r) =Tr ( rAdr + AT AT^ ^ 



ikl / o 

pm o p/ _i_ _pn pi pni 
-l^ il'^j^ km ~r ~i jji jm^ kn 



, (2.11) 



and r^jk are the Christoffel symbols of Qij. The full action can be rewritten as 



S — Sk-\-Sv 



dtd^Xy/gN 



9 k"^ k'^ii f^i^ 



2, ,2 



1 -3A) V 4 



1 -4A 



RiN jR\+ 
(2.12) 



-R^ + AR- 3A^ 



with ^^-''^ = ^ the standard generally covariant antisymmetric tensor, e^"^^ is defined 
to be 1, and other components are obtained by antisymmetry. Indices are raised and 
lowered with the metric gij. Therefore, E"^^^ = {±l)/y/g. 
We will rewrite the action ( |2.12| ) as 

S= j dtd^x^N[a{KijK'^-\K^)+pCijC'^+-f£'^^RuVjR\+CRijR'^+vR^+^R+(^] , 

(2.13) 

with 



K 



2w^ 



2^ 
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'"'^ e= ..fl. A , - = ^7?^(-3A^). (2.14) 



' 8(1-3A) 4 ' ^ 8(1-3A) ' 8(1-3A) 
The reason is that we eventually would like to explore more general possibilities 
compared to the detailed-balance ansatz in (|2.5| ). 

Indeed, the action in ( p.l3| ) is the most general action that is renormalizable 
around flat space and contains apart from the Cotton tensor, quadratic terms in the 
curvatures. The most general renormalizable action might also contain terms cubic 
in the curvatures. The term quadratic in the Cotton tensor is marginal, while the 
rest of the terms are relevant under the scaling (|2.2| ). 

The action in ( p.l3|) is invariant under a restricted class of diffeomorphisms 

t' = h{t) , x'' = h\t,x). (2.15) 
The transformation of the metric under infinitesimal diffeomorphisms is 

6gij = die^Qjk + d^e^Qik + t^duQij + fgij (2.16) 

5N, = die^N^+d,e^N, + e^g,, + fN, + fNi , 6N = d,N + fN + fN . (2.17) 

2.1 The IR limit 

In the IR the action simplifies 

S ^Se = j dtd^Xy/gN [a{KijK'^ - \K^) +^R + a]. (2.18) 
Defining = ct, choosing A = 1 and 

i , i67rG = ^ , Ae = -^, (2.19) 

the action is that of Einstein 

= TTTT^ / ^'^V^ [^^^^'' -K^ + R- 2Ae] = / d^xy^ 

lovrG J IottG J 



R-2Ke . 

(2.20) 

The full space-time metric g^j^u is 

goo = -N^ + N,g'^N, , go^ = N, , = 9^J , det[^] = det[^]iV^ (2.21) 
while the inverse metric g^^ 

o---^ r = - q- = q--^ (2 22) 

For the detailed-balance ansatz it is 



c=^a/^ , G = ^. (2.23) 
4 V 1 - 3A ' 327rc ^ ' 
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The previous analysis was classical, but in the quantum theory the situation is 
more involved. There are two additional issues that obscure the low energy picture, 
that were discussed in the first section. These include the fact that A is a classically 
marginal coupling that runs in the quantum theory.^ The second involves the issue 
of symmetries, namely the enhancement of the non-relativistic local invariance to full 
diffeomorphism invariance. As argued in the fist section, this is a tricky issue that 
can be at the source of many problems and subtleties. 

It is therefore an open problem that needs further investigation to what extend 
non-relativistic gravity asymptotes to GR in the IR, and at what scale the first 
corrections appear. 



3. Non-relativistic Matter 
3.1 The scalar action 

To couple matter to non-relativistic gravity we follow the same strategy: write a 
quadratic kinetic term with the right symmetries and add a potential. We will not 
insist here on detailed-balance. 

We will start from the simplest case of a scalar. In the non-relativistic case a 
general action can be written as 



(3.1) 



where the potential F can in principle contain arbitrary combinations of $ and 
derivatives. 

For the kinetic term to have marginal scaling, $ must be dimensionless, i.e. 
it should transform as $ — > $ under a non-relativistic conformal transformation. 
Therefore, UV renormalizability indicates that F should contain up to six derivatives, 
but otherwise arbitrary powers of the scalar field. We rewrite the action by taking 
F to be a function of — and $ where □ is the three-dimensional Laplacian 

of the metric Qij 



(3.2) 



Snr = j d^xdt^N 
For UV renormalizability, F must contain at most six derivatives 

= Fo($) + Fi ($) 6 + i^ii + i^iii (^)^i + i^2($)6 + F21 ($)66 + i^3($)6- 

(3.3) 

In the UV it is the terms that involve ^1^2 and ^3 that dominate. In the IR, the 
theory is dominated l)y the Fo($) and the Fi($) terms. By a field redefinition we 



^We are indebted to P. Hofava for illuminating comments. 
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can make Fi to be a constant (the IR speed of light), and the theory reduces to a 
scalar field with a potential generated by Fq{^). 

The equations of motion stemming from the variation of the action are 



1 

V9^ 



N 



-V, 



6 - N'di<^) 



+ 



NSF 
2"^ 



(3.4) 



6F\ 6F 
( iV$— + iV— 



We will also need the variations of the effective action with respect to the metric 



1 6S ^6F^6n''^ 1 



3.2 The vector action 



Ar2 



($ _ N^di^f + F% 



(3.6) 



We consider now a (massive) vector. A general non-relativistic action where the 
potential depends only on the gauge field, field strength and first derivatives can be 
written as follows 



1 

4? 



d^xdt^N 



g'^{Foi - N'Fki){Foj - N'Fij)+ (3.7) 



^{Ao - N'Ai){Ao - N^Aj) - G[A, 

where as usual Foi — dfAi — diAo, Fij = diAj — djAi is the (abelian) field strength. 
The scaling dimension of A^ is zero, while that of is 2. The function G must be 
of the form 

G = G[Q,g'^AAj], (3.8) 

where 

Ci ^BiB' , C^^^iBjV'B^ (3.9) 

Cs^ViBjV'B'^V^Bk , C4 = ViV.SfeV (3.10) 
and we introduced the magnetic field 



Bi 



Fjk , Fij — ——Bk , V*-Bj — 0. 
v9 



(3.11) 



Note that there are terms related by integration by parts to the ones introduced 
above but they produce no new effects in backgrounds with N space-independent. 
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We have also included terms that will result to a renormalizable action in the UV. 
In particular, for renormalizability in the UV, the function G must be of the form 



G = ao + aiCi + 02(1 + aaCi + ^4(2 + 05(1(2 + oeCs + 07(4, (3.12) 

where the coefficients can be arbitrary functions of AiA"'. In particular, the terms 
linear in (1 and C4 provide derivative contributions to the vector propagator. In 
particular, the (4 term changes drastically the vector interaction in the UV. 

Renormalizability constraints the matter actions to contain in the UV a finite 
number of terms, although this number is larger than associated relativistic actions. 
The coefficients of such terms will be constrained by experimental limits on Lorentz- 
invariance violations. Moreover, quantum effects will link relativistic invariance viola- 
tions between the gravitational and the matter sectors. Investigating such constraints 
quantitatively is an interesting and important problem. 



4. The classical equations of motion 

We now add the action of matter 

Sm = j £xdt,/^N C^,tter{N,N,,gij) (4.1) 

to the gravitational action ( |2.13| ) and we will vary with respect to the gravitational 
fields to obtain the equations of motion. 
The equation obtained by varying N is 

-a {KijK'^ - \K'^)+pC^fi'^ +^£'^^RiiW jR\ + CRijR"^ + r}R^ + iR+<y = Jn, (4.2) 
with 

Jn = — -^^matter " N — . (4.3) 

The equation obtained by varying Ni is 

2a{VjK^' - W'K) + AT^^^ = 0. (4.4) 

Finally, the equation of motion obtained by varying gij is more voluminous 
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m)',kin9j£ Q'm.i)-kn 9ji Qmi);kRjt 



Z I ■' I 

-^{(3CkiC^'+^RMC'''+CRkiR'''+vR^+iR+(y)9r,+ 2QN{K,kK';-\KK,j) 



2 ^ ^"'^ 



- ^-^matter 



where f^*-'^ was defined below ( |2.12|) , ; stands for covariant differentiation with respect 
to the metric gij, and 

Qi,=N{^Rij+2f3Ci,). (4.6) 



5. Cosmological metrics 

We will now consider solutions to the non-relativistic gravity equations of the pre- 
vious section which are of cosmological nature. This in particular implies that they 
will be homogeneous and isotropic. The associated ansatz is 

N^N{t) , iV, ^0 , gi,=a\t)^,j, (5.1) 

where jij is a maximally symmetric constant curvature metric 

Rr = 2k-fij , R^ = 6k. (5.2) 

We will also assume scalar matter described by the action (P^). The cosmological 
ansatz for the scalar is $ — $(t). 

There are many simplifications occurring for cosmological backgrounds. First 
and foremost, as (9j$ = the non-linear function F in the scalar action reduces 
effectively to a potential. Therefore, for cosmological solutions the matter action 
behaves as the relativistic one. This will not be however the case for perturbations. 

In the gravitational sector also, spatial covariant derivatives mostly vanish (only 
their commutator may be non-zero some times as it gives further powers of the 
spatial curvature). Moreover, the Cotton tensor vanishes. Therefore, there are sim- 
plifications, however, we will obtain terms quadratic in curvatures that will be the 
important novelty of the non-relativistic cosmological equations. 
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The A^-equation becomes 



3a{3X - 1)H' + a + ^ + 



6k^ Uk^iC + 3r]) 



1 SSm 



with 



H 



a 
'Na 



^ 6N m 



+ (5.3) 



(5.4) 



while the Ni equations are trivial The Qij equation gives 



2a(3A- 1) 
with 









+ 


_ 2 



2ki 4A;2(C + 3r/) 



2g'^ 5S_ 



M 



$2 



(5.5) 
(5.6) 



Finally, the scalar equation becomes 



1 / $ \ ^ V 

±dt{ — ]+ 3H— + — = 0. 



(5.7) 



We may use the residual invariance under time reparametrizations to set A^ = 1 
below. As expected, equation ( p.5| ) follows from ( [5.3[ ) and (|5.7|). 

The equations can be generalized to arbitrary matter using density and pressure 



P 



a 



Qki 12A;2(C + 3r/) 



p+3H{p + p) = Q (5.8) 



with 



1 5S 



P 



M 



2 5S 



M 



^6N ' N^6g^^ P''^- ^^-^^ 

A few comments are in order concerning the non-relativistic Friedmann equation 
( |5.3|) . Its main differences compared to GR with a cosmological constant are two. 
The first is the presence of the parameter A that modifies the nature of the equation 
depending on whether it is larger or small than 1/3. The second is the presence 
of the l/a"^ term that resembles the "mirage radiation" term of Randall- Sundrum 
cosmology [^. This is not an accident since Randall-Sundrum cosmology can be 



mapped via holography to a four- dimensional problem with curvature square terms 
However, unlike the RS case, this term here is related to spatial curvature. In 
particular, it is absent in a spatially flat universe. 

In the regime A > |, both a and ^ must be positive for the IR field theory to be 
close to GR. In principle the cosmological constant a can be non-zero and can have 
either sign. In the Hofava formulation 0, it is positive because of detailed balance, 
leading to anti-deSitter vacua. 
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The sign of the higher-derivative couphngs hke rj can also a priori have either 
sign. It has been argued in several contexts based on unitarity that they must be 
positive. A quick way to see the signals is to look at the dispersion relation, that after 
rescaling will look like — k"^ + (fc^)^, where we kept the curvature square terms but 
have ignored the Cotton tensor. This dispersion relation has no solutions above a 
certain momentum, signaling pathological high-momentum behavior. However here, 
this is not a problem once the Cotton tensor terms are present as they dominate the 
high-energy behavior. This a priori allows the possibility that the mirage radiation 
term is negative as it happens in other well studied cases associated to D-brane back- 



grounds In the detailed-balance formulation, such terms are positive, leading 
to an effective negative contribution to the energy. In this case, their presence leads 
to a bouncing behavior when the universe is small. This statement is independent 
of the sign of the cosmological constant and standard curvature term. Moreover, it 
allows for the possibility of avoiding the initial singularity in this context. 

The case A < | is very different. As obvious from the equations this is equivalent 
to flipping the sign of the energy. Upon this flip, similar remarks hold as in the 
previous case. 

Finally, in the case with A = | a new conformal (anisotropic) invariance develops 
[^]. Although the theory is scale invariant in the UV for any A, in this case this scale 
invariance becomes a local symmetry. In this case, the extra invariance allows scaling 
away the scale factor to a constant which is non-dynamical. This is compatible with 
dropping the term in the Friedmann equation (|5.8|) . 

The most general renormalizable theory contains also cubic terms in the curva- 
ture. In three dimensions the Riemann tensor can be written in terms of the Ricci 
tensor and Ricci scalar. Therefore the most general such terms are 

= j dt £xy/gN [Si RijR\W^ + 82 RijR'^R + R^ + 5^ RDR + 65 R^jDR'^] . 

(5.10) 

Unlike curvature square terms that contribute to the propagator, cubic terms con- 
tribute to the cubic graviton interaction vertex. In general, we would expect them 
to be generated by renormalization even if they are absent in the tree-level action. 
This however needs further investigation. 

Their contribution to the Friedmann equation (|5.3| ) is to add the term 



(36^ + 3% + 3%)^^ (5.11) 



a" 



to the left-hand side. In this case, the effect of non-zero spatial curvature is even 
stronger when the universe is small. It has the same behavior as that of a massless 
scalar. 
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5.1 Remarks on cosmological perturbations 

As mentioned in the introduction the Hofava-Lifshitz theory of gravitation is ex- 
pected to have interesting and potentially welcome consequences for early universe 
cosmology and in particular for the inflationary era. In particular, we expect that no 
exponential expansion of the universe will be needed to solve the horizon and flatness 
problems, and to generate scale invariant perturbations for the early universe. Let 
us call the cosmological era where the six-derivative terms dominate the dynamics, 
the Hofava-Lifshitz era. Here, the speed of light is (almost) infinite and this allows 
for a solution of the horizon problem. Indeed, we will see below that the scale in- 
variance of the theory in the UV generically creates large scale perturbations that 
are super-horizon without the need for inflation. 

As we have already seen in the previous section, the effects of spatial curvature 
are amplified in the early universe. Keeping them of the same order as other matter 
densities will suppress curvature contributions in later times, providing thus the 
possibility of solving the flatness problem. Finally, the theory is scale invariant and 
we expect therefore the perturbation that will be generated in that era to be scale 
invariant. The reason is that in this theory, at early times, the scalar fields have zero 
dimension, therefore, their fluctuations are expected to be scale independent. This is 
in contrast with standard relativistic scalars that have dimension one, and therefore 
their fluctuations scale as the energy (or Hubble parameter). 

Deriving the equations for cosmological perturbations in this context is a formidable 
task. We can, however, anticipate some of the structure of perturbation equations. 
Consider for example scalar perturbations of an arbitrary fluid, whose energy den- 
sity is parametrized by some gauge invariant variable £ ~ In standard GR such 
perturbations satisfy the equation 

e + H{2 + 3c'^~6w)6+iH{l~3w) - 15H'^w + 9H^c^ + —c^ ] e + —- = 0, (5.12) 

where 



0? J a? p 



w = - , c^ = - , e = Sp — (?5p. (5.13) 
P P 

Experience with a similar problem, namely the cosmological perturbations in the 
holographic dual of the RS cosmology'^ [Q, indicates the following changes in the 
equation above: 



A modification of the time-dependent coefficients of the e and e terms in (|5.12| ) 
This occurs because of the new couphngs to the cosmological background. 



A modification of the fc-dependence of the e and non-adiabatic terms in ( |5.12| ). 
In particular, we expect the apparence of k'^ and fc^ terms originating from 



^Perturbations in the 5d picture of RS cosmology have been described in 122 
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the quadratic curvature terms and the Cotton tensor respectively as well as 
from similar terms from the scalar action (|3.2| ). The presence of such terms is 
expected to affect importantly the short distance structure of fluctuations and 
in particular render them invariant at early times. 

Most importantly, in line with our general discussion in the introduction, it may 
be that the background relevant for the study of such perturbations may not be an 
approximate de Sitter background. 

To qualify this we will approximately study the scalar field perturbations in the 
Hofava-Lifshitz era. In that case, it is the terms in the action with six derivatives 
that dominate. We will assume a flat transverse three-space for simplicity. The 
quadratic part of the action of the scalar in ( ^.2| ) Fourier-transformed in transverse 
space and in the gauge N = 1 reads'^ 



S = d^k dt a 



(5.14) 



where k = Vk^, fc) is the Fourier transform, £ is a length scale characteristic 
of the UV behavior of the scalar theory, and yi^2 are dimensionless coefficients. In 
particular, yi is the square of the speed of light in the scalar theory. This does not 
have to be necessarily equal to that of gravitational waves in the IR. The effective 
action for fluctuations 5$ for the scalar is identical to ( 5.13| ) with equation of motion 



S^^,Hm^'-^J^^J!2^1^±yi!^S^ = 0. (5.15) 
This suggests that at high energy the dispersion relation is 

= i'^. (5.16) 

a° 

Typically, a fluctuation mode oscillates if E » H, while it is frozen in the opposite 
limit E « H. A crucial point of standard inflation is that short distance oscillating 
quantum fluctuation modes freeze fast as they become super-horizon modes. Indeed 
this happens generically in the Horava-Lifshitz era for rather general cosmological 
backgrounds. For this to happen, as ^ = ^af^ we should have that H'^a^ is an 
increasing function of time. Looking back into the cosmological equations (|5.3| ), 
we obtain that this is satisfied for the curvature term, as well as for any matter 
component with effective pressure to density ratio w <1. This should be contrasted 
to the usual relativistic case where the condition is a?!!'^ being an increasing function 
of time, that is violated by curvature and is only satisfied for w < — |. 



^The observation that Hofava-Lifshitz gravity can lead to scale-invariant scalar perturbations 
without inflation, was suggested independently in just before the second version of this paper 
has appeared. 
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At freeze-out the physical wavelength of fluctuations should be larger than the 

2 

horizon size. Since here this is given by HXphys — {Hi)s, this implies that we need 
Hi >> 1. This is feasible as the scale i is not directly constrained by low-energy 
data but only by precision measurements. 



The properly normalized solution to (|5.15| ) is 



k) = ^e"^^^ ^ , K = ^i^k"^ - y2pk^ + yik^ + m?. (5.17) 
Going through the standard calculation of the power spectrum we obtain 

k)5^{t, k')) = ^^5(A? + k'), (5.18) 

which leads to a scale invariant power spectrum in the UV, characterized by the scale 
£. The leading classical scaling violation is set by the coefficients of the quadratic 
curvature terms that may have either sign y2. However, we expect also logarithmic 
scaling violations due to UV quantum effects. They tilt the spectrum, but to decide 
on which side they do, a one-loop calculation is necessary. 

The fluctuations of the scalar will remain frozen until much later, when the 
universe will be colder, the scalar will become first relativistic and then later non- 
relativistic again if massive. Its decays to other observable fields can seed structure in 
the universe. In this context, no graceful exit, neither reheating seems to be needed, 
and the transition is encoded in the various terms of the scalar and gravitational 
action that interpolate between the Hofava-Lifshitz and GR era. 

There are many important issues that are left open from the qualitative dis- 
cussion above. These issues deserve further study as they suggest a different early- 
universe behavior from standard GR. 
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Note Added 



While this work was being typed, we became aware of ||2^ where similar issues 
are discussed. We seem to agree with on the regions of overlap. 

After the completion of this work we also became aware of In this reference 
the graviton fluctuation equations are derived and studied around a de Sitter space- 
time, arguing for a non-zero polarisation in primordial gravitation waves due to the 
P-violating Cotton tensor dependence of the action. We thank J. Soda for bringing 
his paper to our attention. 

The issue of scalar perturbations and their scale invariant spectrum has been 
also discussed independently in ||2^ with similar conclusions. 
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